Third quantization: modeling the universe as a 'particle' in a quantum field theory of 

the minisuperspace 
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The third quantization formalism of quantum cosmology adds simplicity and conceptual insight 
into the quantum description of the multiverse. Within such a formalism, the existence of squeezed 
and entangled states raises the question of whether the complementary principle of quantum me- 
chanics has to be extended to the quantum description of the whole space-time manifold. If so, 
the particle description entails the consideration of a multiverse scenario and the wave description 
induces us to consider as well correlations and interactions among the universes of the multiverse. 
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I. INTRODUCTION 

The so-called third quantization formalism was ini- 
tially developed [U-Il] to quantum mechanically represent 
the fluctuations of the space-time which, at the Planck 
length, provide it with a foam structure [4, 5], in which 
virtual black holes, wormholes and baby universes co- 
habit. The main aim was to find an explanation for 
the vanishing value of the cosmological constant 0, 
which constituted the standard cosmological model at 
that time, and to study the effects that the space-time 
foam would produce in the coherence properties of matter 
fields as well as in the effective value of fundamental 
constants [Toj . 

On the other hand, a quantum description of the mul- 
tiverse within the third quantization formalism has re- 
ceived some criticisms . The most remarkable of them 
are that the scale factor cannot generally be taken as a 
time variable provided that it is not a monotonic func- 
tion of time, and that the third quantization does not add 
anything to what it is already described within the usual 
quantum cosmological approach, whether this is given by 
the Wheeler-DeWitt equation or by the path integral for- 
malism. However, as we shall try to briefly expose in this 
letter, it does add. 

The scale factor cannot generally be taken as a time 
variable of the minisuperspace in a similar way as a well- 
defined time variable cannot be given in a general curved 
space-time. However, for universes with high degree of 
symmetry, the scale factor can be seen as a formal time- 
like variable of the minisupermetric that defines the geo- 
metrical structure of the corresponding minisuperspace. 
Furthermore, for large parent universes, the third quan- 
tization adds: i) simplicity of the model with respect 
to other approaches; ii) well-known standard procedures 
that can be applied to the quantum description of the 
universe; and, iii) conceptual insight of the quantum de- 
scription of both the universe and the multiverse. For 
instance, we shall see that the existence in the multi- 
verse of quantum states having no classical analogue, like 
entangled and squeezed states, would no longer be asso- 



ciated to non-locality features because the concepts of 
locality or non-locality are meaningless in the quantum 
multiverse. 

Nowadays, the multiverse has reached a wider accep- 
tance [12{ , and the third quantization formalism supplies 
us with a quantum description of the multiverse that par- 
allels that of a quantum field theory in a curved space- 
time. It also provides us with novel approaches for cus- 
tomary problems of quantum cosmology, like the bound- 
ary conditions, the problem of the cosmological constant, 
and the arrow of time, among others, and a framework 
in which new phenomena that were not contemplated so 
far may come out. 



II. THIRD QUANTIZATION FORMALISM 

The third quantization formalism consists of consid- 
ering the wave function of the universe as a field to 
the quantized that propagates upon the minisuperspace. 
For instance, for a closed homogeneous and isotropic 
space-time minimally coupled to n scalar fields, (p = 
(ipi, . . . , ipn), which represent the matter content of the 
universe, the Wheeler-DeWitt equation can be written 
as 13] 




AB • 



d B )+V(q A ))cj ) {q A )=Q, (1) 



where, {q A } = {a, (/?}, are the configuration variables of 
the minisuperspace, the potential V(q A ) is given by 

V(q A ) =a 3 A-a + a^V^) + ... + V(<p n )), 

being V(<fi) the potential of the scalar field ipi, and G AB 
is the inverse of the minisupermetric 



Gab = diag(-a, a 3 , . . . , a 3 ), 



(2) 



with determinant, G = -a 3n+1 . In Eq. Q, <p(q A ) = 
</>(a, ip) is the wave function of the universe being con- 
sidered. The Lorentzian signature of the minisupermet- 
ric @ allows us to consider the scale factor as a formal 



2 



time-like variable of the minisuperspace. This has not 
to be confused with a physical time variable in terms of 
'clocks and rods' measured by any observer. The relation 
between the scale factor and the Friedmann time, i, has 
to be found a-posteriori. 

We shall consider two particular cases: a massless 
scalar field in a de-Sitter space-time and a slow-varying 
held in a closed FRW space-time. For the massless scalar 
held, ip, the Wheeler-DeWitt equation (fTJ) explicitly reads 

^+T7^-^" +^ 2 W0-O, (3) 

where, <p = <p(a, ip) is the wave function of the universe, 
with 4> = |f and (j)' = §£, M = ^4 with M = a, 

and w(o) = £ y/a?A — 1. Following the analogy between 
the third quantization formalism and a quantum held 
theory in a curved space-time, the wave function <f> can 
be promoted to an operator that can be decomposed in 
normal modes as 

4>=-±=J dk (e ik *A k (a)c k + e- ik *A% {a)c{) , (4) 

where c k and ct are the usual annihilation and creation 
operators of the harmonic oscillator with mass and fre- 



quency M.(a) and w(a), respectively, evaluated on the 
boundary hypersurface E , for which a — ao and ip = ipo. 
They represent annihilation and creation of universes, 
respectively, within the framework of the third quantiza- 
tion formalism. The probability amplitudes, Afc(a) and 
A£(a), satisfy the equation of a damped harmonic oscil- 
lator with a mode-dependent frequency given by 

i r~ K " ww 

UJk = h\ ~W~' ^ 

where the last term in the radicand of Eq. (|5|) is a quan- 
tum correction that does not appear in the classical pic- 
ture. For k = 0, there is a Lorentzian region for val- 
ues, a > a t = -7=, and an Euclidean region for values, 
a t > a > 0. The transition hypersurface E t = E(at) cor- 
responds then to the appearance of time [l3[ . For values 
k m > k > 0, where [l4| k m = 27? ^ A a , before reaching the 
collapse the Euclidean instanton finds a new Lorentzian 
region (see Ref. [Hj])- Then, following a reasoning that 
parallels that proposed in Refs. [15l - [l7| . two instantons 
can then be joined forming a double instanton that would 
give rise to an entangled pair of universes with a compos- 
ite quantum state given by fl4| 



5/,// = 



= / dk 



'II, k , 



(6) 



where ipiji arc the scalar helds of each single universe, 
labelled by / and i7, respectively. 



III. THE 'PARTICLE' DEFINITION OF THE 
UNIVERSE 

Let us now consider the case of a slow- varying field in 
a closed FRW space-time, for which the Wheeler-DeWitt 
equation (J]) reads 



+ j-i<i> + u 2 sv {a,y)(j> = 0, 



(7) 



where, uj sv (a, tp) = j-y/a 2 V(ip) — 1. Eq. ([7]) is formally 
the equation of a harmonic oscillator defined on min- 
isuperspace. Different representations can be chosen to 
quantum mechanically describe the universes. For in- 
stance, we could use the constant operators given in Eq. 
(2)). However, in terms of such representation, the num- 
ber operator, Nq = cj^Ck, is not an invariant operator and 
its eigenvalues depend on the value of the scale factor. 

We would expect that, for a given model of the multi- 
verse, the number of universes would not depend on the 



value of the scale factor of a particular single universe 
provided that we are not considering interaction terms 
in the Hamiltonian. Thus, it seems appropriate impos- 
ing the boundary condition that the number of universes 
of the multiverse is represented by an invariant operator. 
In the case of a slow-varying held, the Hamiltonian for 
which the Heisenberg equations of motion give rise to Eq. 
©, is given by 



H = 



1 

2M 



P z 



MojI, 



(8) 



where is the third quantized momentum conjugated 
to the wave function operator <p. Then, an invariant rep- 
resentation can be found by following the method devel- 
oped by Lewis [lH and others [l9l - [2l| . It is given by the 
operators, 



i(RP^ - R(j>) 



b\a) 



1 (1 



2h\R 



rf-HRPt-Rt) 



(9) 



(10) 



where, R = \/ <j)\ + 4>\ , being (f>i and (f>2 two independent 
solutions of the Wheeler-de Witt equation (JT]). Then, 
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N = b^b, is an invariant operator fulfilling the boundary 
condition of the multiverse. However, in terms of the 
invariant representation, the Hamiltonian (jHJ turns out 
to formally be the Hamiltonian of a parametric amplifier 
that, in quantum optics, is associated with the genera- 
tion of entangled pairs of photons (22[ ■ Similarly, we can 
interpret that the Hamiltonian (jHJ is associated, in the 
representation given by Eqs. (|91 llOI) . with the creation 
and annihilation of entangled pairs of universes in a mul- 
tiverse scenario [i~H ]. 

However, for an observer inhabiting a large parent uni- 
verse, for which a> 1, the appropriate representation of 
the universe is given by the asymptotic representation 
which is described in terms of the usual creation and 
annihilation operators of the harmonic oscillator with 
mass M(a) and frequency u>(a, ip). It turns out to be 
that [14| the vacuum state of the multiverse becomes, 
in the asymptotic representation, a two-mode squeezed 
state that represents an entangled pair of universes. The 
quantum state of each single universe of the entangled 
pair turns out to be then given by a thermal state, which 
is indistinguishable from a classical mixture and whose 
thermodynamical properties can be computed. In partic- 
ular, the entropy and energy of entanglement may pro- 
vide us with a time variable and with a vacuum energy, 
respectively, for each single universe [HI, [23[ . 



IV. WAVE-PARTICLE DUALITY IN THE 
MULTIVERSE 

The existence of squeezed and entangled states in the 
multiverse raises the question of whether Bell's inequal- 
ities can be violated by such states in the multiverse, 
too. If so, however, such violation could not be related 
to non-locality features because there is no space-time 
among the universes of the quantum multiverse. It would 
be rather related to the interdependence of the quantum 
states that represent different universes. 

The violation of classical inequalities by entangled and 
squeezed states in quantum optics is fundamentally re- 
lated to the concept of complementary of the quantum 
theory 24]. The extension of the complementary prin- 
ciple to the quantum multiverse would imply that the 
quantum state of the whole space-time manifold has to be 



complementary described in terms of particles and waves. 
In terms of particles means that, in an appropriate repre- 
sentation, the universes have to be considered as individ- 
ual entities, giving rise to a multiverse scenario. In terms 
of waves implies that interference effects among universes 
should be contemplated as well. Such a vision of the mul- 
tiverse opens the door for novel approaches to customary 
problems in quantum cosmology. For instance, the ther- 
modynamics of entanglement provides us with a new tool 
for studying the thermodynamical properties of a single 
universe and the related features of the vacuum energy 
and the arrow of time. 

Furthermore, the consideration of the multiverse as a 
collective system also supplies us with unexpected phe- 
nomena. For instance, in Ref. (25| it is studied the quan- 
tum state of a multiverse made up of de-Sitter universes 
all of them with the same value, A, of their cosmological 
constants. Even considering no interaction among the 
universes, the energy spectrum of the collective system 
splits into two energy levels, which correspond respec- 
tively to two normal modes of the given representation, 
one of which corresponds to a state of a very small value 
of the energy. Then, the universes could initially be cre- 
ated in the excited level, which would provide us with a 
large value of the vacuum energy in the initial state of 
the universe, and decay afterwards into the ground state 
that entails a very small value of their effective cosmo- 
logical constants. The effect is even more evident when 
a 'nearest' interaction is considered [2||. The spectrum 
splits then into a large number of energy levels, being 
the ground state a state with a very small value of the 
vacuum energy. The reasoning made in Ref. [25] is not 
conclusive but it plainly shows that the logic of the mul- 
tiverse is rather different than the logic of a set of uni- 
verses, being these taken individually, showing that the 
multiverse is much more that the mere sum of its parts. 
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